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1. INTRODUCTION 
The present paper is a continuation of [1], but it is almost completely self-contained. 
In this paper a number of geometries with diagrams of the form 
p 
1 2 2 2 2 
(n vertices) 
are constructed. Here 
p 
is the geometry of the vertices and the edges of the Petersen graph with the natural 
incidence relation. These geometries are C§(Mzz) , C§(Mzz) for n = 3, C§(MZ3) , C§(Coz), 
C§(J4) for n = 4 and C§(Fz) for n = 5. They are closely related to some minimal parabolic 
geometries described in [2]. 
We have tried to give a uniform description of these geometries on the basis of a 
method presented in the next section. In this method representations of geometries in 
some modules arise. From this point of view it is interesting to find the universal 
representations of the geometries under consideration. This paper contains the 
constructions of the universal representations of the geometries C§(Mzz) and C§(Mzz). It 
is easy to show that the geometry C§(MZ3) cannot be represented in a module. The 
universal representation of C§(Coz) is constructed in [3]. The existence of such 
representations for C§(J4) and C§(Pz) is an open question. It should be mentioned that 
analogous problems were considered in [4]. 
It is proved in [5] that each connected flag-transitive geometry with the diagram pl is 
isomorphic either to C§(Mzz) or to C§(Mzz). Some partial results on the classification of 
the geometries with the diagrams pm for m ;;. 2 are available [6] and [7]. In particular, 
it is proved that: 
(a) if C§ is a flag-transitive strongly connected geometry with diagram pZ then its 
universal 2-covering coincides with that of C§(MZ3), C§( Coz) or C§(J4); 
(b) If C§ is as in (a) and the residue of an element of type 3 is C§(M22) then C§== C§(MZ3) 
or C§(Coz). 
Our terminology and notation concerning geometries are mostly standard [1,8]. For 
a geometry C§ let C§i denote the set of elements of C§ of type i. For a flag F the residue 
of F in C§ is denoted by C§F' SO C§j.. is the set of elements having type i in the residue C§F' 
In addition ~ denotes the residue of an element of type i. In diagrams of geometries 
types increase from left to right and from 0 to the rank of the geometry minus 1. 
Recall some group-theoretical notation (see [9]). Let G be a group; H, F be 
subgroups of G; a, b be elements of G, and p be a prime. Then G# = G - {I} is the 
set of all non-trivial elements of G; [H, F] is the subgroup of G generated by all 
elements of type h-1f-1hf, where hE Hand f E F; ba = a-1ba; H a = {h a I h E H}; 
Z(G) is the center of G; NG(H), CG(H) are the normalizer and the centralizer of H in 
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G, respectively; Op(G) is the largest normal p-subgroup of G; OP(G) is the smallest 
normal subgroup of G such that G I Ope G) is a p-group. 
A group G which contains a normal subgroup H such that H = A and G I H = B, is 
denoted by A . B. In the particular case when G is the semidirect product of A and B 
we write G =AAB. 
If G is a permutation group of a set Q and x E Q then G(x) denotes the stabilizer of 
the point x in G and G+ denotes the intersection of G with the alternating group of Q. 
Let q be a power of a prime and n be an integer. Then SLn(q) is the special linear 
group of dimension n over GF(q) and Ln(q) is the corresponding projective special 
linear group. Now let p be a prime. Then pn and p1+n are the elementary abelian and 
an extraspecial groups of the corresponding orders. For a set nl> n2, ... of integers 
pnl+nz+'" denotes a group of the form pnl . pnz . ... 
2. THE MAIN METHOD 
The following construction plays a key role in this paper. 
Let G be a finite group, E ~ G, E = 2n, n;;. 3. Suppose that Nc(E)/Cc(E) = Ln(2). 
This means that Nc(E) .acts flag-transitively on the projective space geometry 
consisting of all proper subgroups of E. We define the geometry W= W(G, E) in the 
following way. Let Wi be the collection of all subgroups of G which conjugate to a 
subgroup of order 2n - i in E, 0 ~ i ~ n - 1. Two elements of Ware incident if one of 
them contains another. 
It is easy to prove that W is a geometry on which G I Cc ( (Eg I g E G») acts faithfully 
and flag-transitively. It should be mentioned that, in general, the geometry W can be 
disconnected. 
Now let us turn to the diagram of the geometry W(G, E). Since the incidence is 
defined by inclusion, we have a string diagram. In addition, the residue of an element 
of type 0 is the (n - I)-dimensional projective space over GF(2). Hence the diagram 
has the following form: 
x 
x 2 2 2 2 
(n vertices) 
Here X is the rank 2 geometry of all subgroups of order 2n and 2n - 1 conjugate to 
subgroups of E and containing a fixed subgroup of order 2n - 2 from E. By the way, if 
W( G, E) is strongly connected and the edge X is the generalized digon then the 
subgroup E is normal in G. 
The following example shows that this construction is quite natural. 
EXAMPLE 2.1. Let G = Ln +1(2) and H be a maximal parabolic subgroup of G which 
fixes a point in the natural action of G on the n-dimensional projective space, i.e. 
H = 2n . Ln(2). If E = 02(H) then the geometry W(G, E) is just the geometry of 
n-dimensional projective space and X is the projective plane over GF(2). 
The construction of the geometry W( G, E) can be generalized to the case E = pn, 
where p is an arbitrary prime number, and Nc(E)/Cc(E);;' SLn(P). 
Let G and 2n = E ~ G be as above and V = (Eg I g E G) be an elementary abelian 
2-group, i.e. V is a GF(2)-module for G. Then the elements of W(G, E) can be 
interpreted as subgroups of V. In this case we have a representation of the geometry 
W( G, E) in the module V. 
We understand representation of geometry in the following sense. Let W be a 
geometry with the diagram X n- 2 for some X and let V be a vector space over GF(2). 
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An injective mapping qJ: <fin-l_ V is a representation of <fi in V if the following 
condition holds: 
qJ(a) + qJ(P) + qJ(Y) = 0 whenever {a, p, y} = <fie- 1 for some (J E <fin-Z. 
If qJ is a representation of <fi and a E <fii, 0 ~ i ~ n - 1, then the subspace 
V(a)=(qJ(a)laE<fi;-I) has dimension n-i. If, in addition, an element a is 
characterized by the set <fi;-I, then <fi can be considered as the set {Yea) I a E <fi} of 
subspaces of V. In this situation the type of an element is determined by its dimension 
and the incidence relation is determined by inclusion. If <fi has a representation then 
there is a universal representation qJo: <fin-l_ Vo which has the following property. For 
an arbitrary representation qJ: <fin-l_ V of the geometry <fi there is a homomorphism 
;: Vo- V such that qJ = ;qJo. The module Vo of the universal representation of <fi will 
be denoted by V (<fi). 
The module V(<fi) of the universal representation can be defined in terms of 
generators and relations. Namely, V(<fi) is generated by the set {val aE<fin- 1} of 
vectors corresponding to the set <fin- 1 with the relations {va + vII + v y = 0 I whenever 
{a, p, y} = <fie -1 for (J E <fin -Z}. If vectors va and v II are distinct whenever a *" p then 
the mapping qJo: £1'- va is the universal representation of the geometry <fi. So the 
existence problem of a representation for <fi can be reduced to consideration of certain 
system of linear equations over GF(2). 
Let G be a group and r be an involution in G, such that C = CG ( r) == F . H, where 
F == 2l+m is an extraspecial group with the center (r). Set C = C/ (r). Then F == 2m. 
Let E ~ F and E == 2n, n ~ 3. Suppose that Nc(E)/Cc(E) == Ln(2). Then the geometry 
<fi( C, E) has a representation in the module F and its diagram is X n- Z for some rank 2 
geometry X. The following lemma holds. 
LEMMA 2.2. Let E be the pre-image of E in C. Then E == 2k, k = n + 1. If, in 
addition, Nc(E) acts transitively on E# then the diagram of the geometry <fi(G, E) is 
X n- 1, where the edge X is the same as for <fi( C, E). 
PROOF. Let us consider the action of NG(E) on E. Since Nc(E) acts transitively on 
E# and n ~ 3, the group E is elementary abelian. Moreover, since F is extraspecial, the 
group NcCE) induces on E the full maximal parabolic subgroup of Ln+l(2). Now, by 
the hypotheses of the lemma, NG(E) is transitive on E#. So NG(E) induces on E the 
group Ln + 1(2) and the geometry <fi(G, E) can be constructed. The geometry is surely 
flag-transitive. Let <fit: be the residue of r in <fi(G, E). Then <fiT = {K I K ~ G, r E K and 
Kg ~ E for some g E G}. Since NG(E)/CG(E) == Ln+l(2), it is easy to see that g can be 
chosen from C. Hence <fiT is isomorphic to <fi( C, E). 0 
This lemma will be used during the construction of the geometries <fi(J4) and <fi(F2). 
3. THE GEOMETRIES <fi(MZ3), <fi(Mzz) AND <fi(Mzz) 
In what follows the properties of the Steiner system S(5, 8, 24) contained in [10] will 
be used. Recall that the automorphism group of this system is isomorphic to the 
Mathieu group MZ4 ' Let rfJ denote the pointset of the system S(5, 8, 24), IrfJl = 24. The 
blocks of the system are usually called octads. Each octad contains eight points. An 
octad 0 will be identified with the partition {O, rfJ - O} of the set rfJ. If 0 1 and Oz are 
disjoint octads then 0 3 = rfJ - (01 U Oz) is an octad too. A partition T of rfJ consisting 
of three pairwise disjoint oct ads is called a trio. Each tetrad R (4-element subset of rfJ) 
can be uniquely extended to a partition S = {R 1 , R z, ... , R6 } of rfJ, such that Rl = R 
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and Ri U R j is an octad for all 1::s;;: i, j::s;;: 6, i -=1= j. Such a partition is called a sextet. We 
shall say that two partitions are compatible if one of them is a subpartition of another. 
Let 0 be an octad of S(5, 8, 24) and H be the stabilizer of 0 in M24. Then 
H == 24 . L4(2) and H induces on 0 the alternating group As == L4(2). The action of H 
on ~ - 0 is similar to the action of the affine group on the vectors of 4-dimensional 
affine space over GF(2). This means that a structure Aff( 0) of the affine space is 
defined on ~ - 0 and H is the automorphism group of this space. The following two 
lemmas are direct consequences of well known properties of S(5, 8, 24) [10): 
LEMMA 3.1. Let S = {R1' R 2 , ••• ,R6 } be a sextet and 0 = R1 U R 2 • Then Ri is a 
plane in Aff( 0) for 3 ::s;;: i ::s;;: 6. 
LEMMA 3.2. Let 0 1 and O2 be disjoint octads. Then O2 is a hyperplane in Aff(Ol). 
Let P E~. The stabilizer of p in M24 is the group M23. We define the geometry 
r.o(M23) by the following. Let ego be the set of octads not containing p, and WI and W2 
be the sets of all trios and sextets, respectively. Finally, W3 = ~ - {p}. Two elements 
from L1=o Wi are incident if the corresponding partitions are compatible. Let q E W3, 
a E U7=o Wi. The elements q and a are incident if p and q are contained in the same 
part of the partition a. 
It is easy to show using Lemmas 3.1 and 3.2 that W(M23) is a geometry with the 
diagram p2 and that G == M23 acts flag-transitively on it. Moreover, the diagram of 
stabilizers is as follows: 
p 
Here, under the node i in the diagram, the structure of the stabilizer Gi of an 
element of type i in G is presented. 
The group G is the full automorphism group of W(M23). 
It follows form the above that the group M22 acts faithfully and flag-transitively on a 
geometry r.o(M22) which is the residue of an element q of type 3 in W(M23). It is clear 
that W(M22) has diagram pl. In this case we have the following diagram of stabilizers: 
p 
Starting with the above description of W(M23) an analogous description of W(M22) can 
be obtained. In this description the points p and q are symmetric; so W(Mzz) admits as 
an automorphism group the stabilizer of the pair {p, q} in M24 • This stabilizer is 
isomorphic to Aut(M22). In fact, Aut(M22) = Aut(W(M22». For this group the diagram 
of stabilizers is as follows: 
p 
2 X 23 • L3(2) 21+4 . (22 x S3) 25 • S5. 
The geometry r.o(M22) admits a triple covering W(M22). It is known (cf. [9]) that the 
Schur multiplier of the group M22 is isomorphic to the cyclic group of order 12. This 
means that up to isomorphism there is a unique group M22 such that [M22' MzzJ = M22 , 
Z(M22) == 3, M22/ Z(M22) == M22. Let q; be the canonical homomorphism of the group 
M22 onto the group M22. Let us consider a maximal flag of the geometry W(M22) and let 
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1'; be the stabilizer of the element of type i from this flag in the group F == Mn, 
o ~ i ~ 2. Put Fi = q;-1(F;), 0 ~ i ~ 2. Then it follows from the structure of the groups 1'; 
given above that Fi == 03(F;) X 3; moreover, 03(Fi) == 1'; and 03(Fi) n 03(Fj) = 03(Fi n 
Fj) == 1'; n Fj, 0 ~ i, j ~ 2. The geometry C[j(M22) has the following description: the 
elements of (Ii are the cosets of 03(Fi) in M22, 0 ~ i ~ 2; two elements are incident if 
they have a pon-empty intersection. Since the amalgams d = {lb, Ft,.§} and .it = 
{03(Fo), 03(Ft), 03(F2)} are isomorphic, the geometries C[j(M22) and rJ(M22) have the 
same diagram pl. The full automorphism group of rJ(M22) is the extension 3. Aut(Mzz) 
of the group M22 by an automorphism of order 2. The latter induces an outer 
automorphism on the factor group M22/ Z(Mzz) == M22 and inverts Z(Mzz). The actions of 
3· Aut(M22) on rJ(M22) and of Aut(M22) on rJ(M22) have isomorphic diagrams of 
stabilizers. 
Let a geometry C[j have the diagram pm. We can associate with C[j a graph r = r(C§) 
by the following rule: V(T) = ego, E(T) = C[jl; the incidence comes form the geometry. 
The graphs associated with the geometries rJ(M23) , C[j(M22) and C[j(M22) are distance-
transitive with the following intersection arrays: 
15 1 14 1 2 12 9 6 
1--15 210 280 
7 1 6 1 24 1 2 4 6 1 
1--7 42--168 112 
7 1 6 1 24 1 2 4 2 1 4 4 1 2 4 21 6 1 7 
1--7 42--168 336 336 84 14 2 
The graph r(rJ(Mn» was first mentioned in [11]; the graph r(C[j(M22» was 
constructed in [12] during the classification of distance-transitive graphs having valency 
7; and the graph r(rJ(M23» was constructed in [13] and [14]. 
At first the geometries in question were described just in terms of the corresponding 
graphs [14]. In this case ego is the set of vertices, C[jl is the set of edges, C[j2 is the set of 
all Petersen subgraphs and C[j3 (for rJ(M23)} is the set of all subgraphs isomorphic to 
r(rJ(M22». The incidence relation is defined by inclusion. 
Starting with this description it is possible to obtain another definition of the 
geometry C[j= rJ(M22}. Now let C[ji denote the set of elements of type i in rJ(M22). It 
follows from the initial description that C[j2 is the set of all sextets with p and q in the 
same tetrad. Since a sextet is uniquely determined by each of its tetrads, the set C[j2 can 
be identified with the set Q of a1l2-element subsets of the set P; - {p, q}. Let G be the 
group Mn or Aut(M22}. Then G acts on Q in the natural way. This action coincides 
with the action of G on the set of all Petersen subgraphs of the graph r = r(rJ(M22». It 
can be deduced from the intersection array of r that for x E V(n the subgroup G(x) 
has no orbits of length 14 on Q and exactly one orbit of length 7. This orbit consists 
of the Petersen subgraphs passing through x. Let ego be the set of such orbits for all 
x E VeT). Let x, Y E V(T) and «, fJ be the corresponding orbits from the set ego. Then 
{
3' 
l«nfJl = 1, 
0, 
if d(x, y) = 1 
if d(x, y) = 2; 
if d(x, y) > 2. 
Here d(x, y) is the distance from x to y in r. Let C[jl be the set of all 3-element 
intersections and C[j2 be the set Q. Then the set C[j = Uf=o C[ji with the incidence relation 
defined by inclusion is the geometry rJ(Mn). 
It follows from the known list of the maximal subgroups of M22 (15] that G contains a 
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unique conjugacy class of subgroups having index 330. These subgroups are vertex 
stabilizers in action of G on r(Cfi(Mzz». Therefore the following proposition holds. 
LEMMA 3.3. Let;;e be the conjugacy class of the subgroups of index 330 in G 
(G == Mzz or Aut( Mzz)) and H E ;;e. Let Q be the set of pairs of points from the natural 
doubly transitive representation of G. Then H has on Q no orbits of length 14 and 
exactly one orbit ex(H) of length 7. Moreover, the set of all non-empty intersection of 
orbits from the set {ex(H) I H E ;;e} with the incidence relation defined by inclusion form 
a geometry which is isomorphic to Cfi(M22). 
The following lemma is a direct consequence of the combinatorial construction of 
Cfi(M22). 
LEMMA 3.4. Let ex, {3, y be the 2-element subsets of the set <!P - {p, q} which are 
incident with a fixed element of type 1 in Cfi( M22). Then {p, q} U ex U {3 U Y is an octad of 
the Steiner system S(5, 8, 24). 
4. REPRESENTATIONS OF Cfi(M22) AND Cfi(Mzz) IN MODULES 
Firstly, we construct a representation of the geometry Cfi(M22) in a certain module of 
dimension 11. 
Let Wo be the permutation module over GF(2) of the naturalS-fold transitive 
representation of M24 . In other words the vectors in Wo correspond to the subsets of the 
set <!P in such a way that the sum of two vectors corresponds to the symmetric 
difference of their subsets. The vector corresponding to a subset A £;; <!P will be denoted 
by wA • We have w1 = 1 if i E A and w1 = 0 otherwise. The length of such a vector is by 
definition the cardinality of the subset A. 
Let WI be the Golay code, i.e. the smallest submodule of Wo which contains all 
octads of the system S(5, 8, 24). It is known [10] that dim WI = 12 and each coset of WI 
in Wo contains a vector of length I for I ,,;;; 4. Moreover, if I ,,;;; 3 then the vector of length 
I is unique in the coset, and if I = 4 then the coset contains exactly six vectors w R" 
1 ,,;;; i,,;;; 6, of length 4 and {R b ••• , R6 } is a sextet. The value I distinguishes the orbits 
of M24 on the vectors of the factor module W2 = WO/W1• Hence M24 has on W2 exactly 
five orbits ~l' 0,,;;; I,,;;; 4, such that I~ol = 1, I~II = 24, 1~21 = 276, 1~31 = 2024 and 
1~41 == 1771. 
Now let us consider W2 as an M22-module. The group M22 will be considered as the 
elementwise stabilizer in M24 of the points p, q E <!P. This group has only one orbit of 
length 231 on the set ~4. This orbit will be denoted below by E. This orbit consists of 
all sextets containing p and q in the same tetrad. Since a sextet is determined by any of 
its tetrads, the orbit E can be identified with the set Q of all 2-element subsets of the 
set <!P - {p, q}. Let H be a subgroup in M22 of index 330 (H = 23 . L3(2)). Let ex be the 
orbit of H on E having length 7. It follows from Lemmas 3.3 and 3.4, and from the 
definition of W2 that E = (w I WE ex) has order 23. It is clear that H 1: CM22(E), hence 
NM22(E)/CM22(E) == L3(2) and Cfi(W2AM22' E) is a geometry, isomorphic to Cfi(M22). Put 
Wj = (P I g E M22 ) = (w I wEE). We claim that W3 has dimension 11. In fact, let us 
take a sextet from ~4 and choose a tetrad R = {i, j, k, I} in this sextet such that 
R c <!P - {p, q}. Put Rl = {p, q, i, j} and R2 = {p, q, k, I}. It is clear that wR , E E for 
i = 1, 2 and that wRt + W R2 = wR • So ~4 £;; W3 and hence W3 == 211 is the subspace of W2 
consisting of vectors having even length. 
Thus we have constructed a representation of the geometry Cfi(M22) in the module W3 
of dimension 11. In the next section it will be shown that W3 = V(Cfi(M22)), i.e. W3 is the 
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module of the universal representation of Cfi(M22). Now we turn to a representation of 
the geometry Cfi(M22). 
The representation will be constructed in a module which occurs as a main factor in 
the centralizer of a central involution in the group h Unfortunately, we have no 
combinatorial description of this module and cannot give a direct construction of the 
representation. We shall prove the existence of the representation using some 
information about the lengths of orbits of 3· Aut(M22) on the non-trivial elements of 
the module. 
Let z be a central involution in the group G == J4 , C = CG(z) and R = 02( C). It is 
shown in [16] that R == 21+12 is an extraspecial group and C = C/ R == 3· Aut(M22). 
Moreover, C has exactly one orbit E of odd length on U = R/Z(R), and if u E E then 
Cc(u)==25 ·S5 • 
Since C == 3· Aut(M22) == Aut(Cfi(M22))' we can choose in C the amalgam 
{Ho, HI, H2} related to the action of C on the geometry Cfi(M22). Let T = HI n H2 and 
Z = Cu(T). Then T E Sy12( C) and the following proposition holds. 
LEMMA 4.1. (i) Z == 2 and Nc(Z) = H2; 
(ii) X = (Zh I h E HI) == 22 and Nc(X) = HI; 
(iii) Y = (Zh I h E Ho) = (Xh I h E Ho) == 23 and Nc(Y) = Ho. 
PROOF. It is easy to prove that all elements of Z# are contained in E. This implies 
that if a, b E Z# then b = ZX for x E C. Moreover, the element x can be chosen in 
Nc(T). But Nc(T) = T, so a = band Z == 2. The list of the maximal subgroups of M22 
[15] shows that Nc(Z) == 25 • S5 and Nc(Z) conjugate to H2 in C. Since T < H2 this 
means that Nc(Z) = H2 and (i) is proved. 
Now let us turn to (ii). On one hand X> Z since H I "* H2 • On the other hand, 
Oz(HI) has index 2 in T and hence IXI ~ I Cu(02(HI)) I ~22. So X==22 and HI induces 
on X the group S3. Moreover, Nc(X)~Nc(02(HI)) and Nc(X) contains HI. Hence 
Nc(X)=H1 • 
Finally. let us prove (iii). Since [HI: Ho n Hd = 2 the inclusion ZH1 s;; ZHo holds. In 
addition, [Ho: Ho n Hd = 7, hence ZHo contains exactly seven involutions and the action 
of Ho on this set is doubly transitive. Since the product of any two different involutions 
from ZHt is contained in ZH1 s;; ZHo, the set ZHo is closed under multiplication. Finally, 
if Ho < F < C then F = Z( C) . Ho and since Z( C) acts fixed-points-freely on U, we have 
the equality Nc(Y) = Ho. 0 
Now it is clear that the geometry Cfi( C / (z ), Y) is isomorphic to Cfi(M22). The 
following lemma will be used in Section 9: 
LEMMA 4.2 [16]. (i) 3 . Aut(Md has on the set U# exactly three orbits E;, i = 1, 2, 3; 
IEII = 693, IE21 = 1386, IE31 = 2016. (ii) In the action of 3· Aut(M22) on EI only three 
subdegrees (1, 2 and 30) are not divisible by four. 
The geometry Cfi(M23) has no representation in a module. This fact follows directly 
from the 3-fold transitivity of the action of M23 on Cfi3. 
5. THE UNIVERSAL REPRESENTATIONS OF THE GEOMETRIES 
The determination of the modules V(Cfi(M22)) and V(Cfi(M22)) can be reduced to two 
analogous combinatorial problems. 
Firstly, let V = V(Cfi(M22)). By Lemma 3.4 we assume that V = (va I eYE Q), where 
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Q is the set of 2-element subsets of the set I(iP - {p, q} and va + v P + v Y = 0 whenever 
aU {3 U Y U {p, q} is an octad. So the determination of V is reduced to the following: 
PROBLEM A. Find the largest G F(2)-module V containing a system {val a E Q} of 
one-dimensional subspaces such that V = (val a E Q) and dim ( v a, V P, V Y) = 2 whe-
never aU {3 U Y U {p, q} is an octad. 
Now let C(j= Cfj(M22) and V = V(Cfi). The group M22 which acts naturally on V has a 
center (z) of order 3. Hence V splits into a direct sum V = Cv(z) EB [V, z]. Moreover, 
the submodules VI = Cv(z) and V2 = [V, z] are both invariant under M 22• From the 
construction of the geometry Cfj(M22) it is easy to deduce that VI is just the module of 
the universial representation of the geometry C(j(M22)' So to determine V it is sufficient 
to solve Problem A and describe the submodule V2 • 
We shall identify V2 with the factor module V IVI • Since z acts on V2 without fixed 
points and z E Z(M22) the latter defines on V2 a structure of the vector space over 
GF(4). This structure is invariant under the action of M 22• If we consider V2 as a 
GF(4)-module then each orbit of z on the set of images of the vectors {va I aE C(j2} 
forms a line in the space V2 = V IVI • On the other hand, it follows from the 
construction of the geometry Cfj(M22) that there is a bijection between the orbits of z on 
the set C(j2 and the set of elements of type 2 in the geometry C(j(M22) (i.e. with the set 
Q). So the determination of V2 is reduced to the following problem: 
PROBLEM B. Find the largest GF(4)-module V2 , processing the following properties: 
(i) there is a system of one-dimensional subspaces {u a I a E Q}, such that V2 = 
(u a I a E Q) and dim(u a , uP, u Y ) = 2 whenever aU {3 U Y U {p, q} is an octad; 
(ii) Vz admits an action of the group M22 such that its center induces on V2 the 
multiplicative group of the field GF(4). 
Both problems will be solved below; namely, it will be shown that W3 is the solution 
of Problem A while U is the solution of Problem B. Recall that W3 is the 
ll-dimensional module related to the Golay code and U is the main factor of the 
centralizer of an involution in the group J4 • 
6. SOLUTION OF PROBLEM A 
Let V satisfy the hypothesis of Problem A. Then W3 is a factor module of V. Our 
goal is to show that V = W3 . 
For a subset L1 s; Q let V(L1) = (va I a E L1) be a submodule of V and W3(L1) = 
(w a I a E L1) be a submodule of W3• 
LEMMA 6.1. Let 0 be an octad containing p and q, and let 1J1 be the set of pairs from 
Q which are contained in O. Then dim(V(1J1» ~5. 
PROOF. In order to simplify the notation we assume that 0 = {p, q, 1,2,3,4,5, 6}. 
It follows from the inclusions presented below that V ( 1J1) is generated by five vectors 
V{I, 2}, V{2, 3}, V{3, 4}, V{4,5} and V{I, 3}: 
V{5,6} E (V{I,2}, V{3,4}), V{I,4} E (V{2,3}, V{5,6}), 
V{2,6} E (v{1,3}, V{4,5}), V{2,4} E (V{I,3}, V{5,6}), 
V{I,5} E (V{2,6}, V{3,4}), V{3,5} E (V{2,6}, v{1.4}), 
V{4,6} E (V{I,5}, V{2,3}), V{3,6} E (V{I,5}, V{2.4}) , 
V{I,6} E (V{3,5}, V{2,4}), V{2,5} E (V{4,6}, v{1,3}). 0 
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LEMMA 6.2. V(tJI) == "'3(tJI) has dimension 5. 
PROOF. A direct calculation shows that dim W3(tJI) = 5. On the other hand, it is 
clear that dim V(tJI)~dim "'3(tJI). 0 
The following le~ma is a direct consequence of Lemma 6.2 and the definition of "'3: 
LEMMA 6.3. Let reO-{p,q} and tJlr={{r,s}lseO-{p,q,r}}. Then 
dim V( tJlr) = 4 and E,l'E1P, v'" = O. 
Let us fix an element reg> - {p, q} and define W(r) = {{r, t} It e g> - {p, q, r}}. 
LEMMA 6.4. dim V(W(r» ~ 11. 
PROOF. The generators of the submodule V(W(r» (i.e. the elements of the set 
W(r» correspond to the points of a projective plane P of ortIer 4. The latter is the 
residual design of the system S(5, 8,24) by the triple {p, q, r}. The lines of P are in a 
bijection with the octads passing through p, q and r. It follows from Lemma 6.3 that 
the sum of vectors corresponding to the points lying on a fixed line of P is zero. Now to 
prove the lemma it is sufficient to find in the plane P ten points which can be 
'reconstructed' from the rest by the condition that the sum of points on a line is zero . . 
Such a set of ten points are marked by asterisks on Figure 1. 
LEMMA 6.5. V = V(W(r». 
PROOF. Suppose to the contrary that V=V/V(W(r»*1. Let tJI be an octad 
containing p, q and r. Then by Lemma 6.3 V(tJI) = V(tJI)/V(tJlr) has dimension 1. Let 
v1jI generate V ( tJI). The pre-image of the element v1jI contains all elements v'" for 
a'C tJI- {p, q, r}. Now, by consideration of an octad which contains p, q but does not 
contain r, we see that for some octads tJll, tJl2, tJl3 passing through p, q and r the 
equality v1jIt + V1jI2 + v1jI) = 0 holds. The elementwise stabilizer of points p, q and r in 
the group M24 is isomorphic to the group L3(4) acting doubly transitively on the 21 
vectors v1jI' Hence each non-zero element of V is v1jI for some tJI. But the equality 
21 = 2n - 1 has no integer solutions. The contradiction proves the lemma. 0 
From Lemmas 6.4 and 6.5 we obtain the final result . 
THEOREM 6.6. V(<§(M22» == "'3. 
The module W3 has a one-dimensional submodule W4 which is invariant under M22 • 
This submodule is generated by the coset containing the vector w{P.q}. The factor 
module Ws = "'3/W4 is a 10-dimensional irreducible M 22-module. It can be shown that 
C§(M22) has a representation in Ws. 
* * 
""--/ 
* /""--
* * / ""--*-. -*--.-* 
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FIGURE 1. 
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7. SOLUTION OF PROBLEM B 
Let V2 satisfy the hypotheses of Problem B. We shall show that dim V2 :E; 6. This 
inequality implies that V2 == u. 
As was done in the previous section, for ..1 s:;;; Q we put V2(..1) = (u" I a E ..1). Let 0 
be an octad containing p and q. Let 1/J be the 2-element subsets of the set 0 - {p, q}, 
1/J s:;;; Q. Our first goal is to describe the module V2( 1/J). For this purpose let us consider 
the largest GF( 4)-module V2( 1/J) containing a system {a" I a E 1/J} such that 
dim(a", aP,aY ) =2 whenever aUpUy=O-{p,q}. It is clear that V2(1/J) is a 
factor module of V2( 1/J). 
LEMMA 7.1. dim V2(1/J):E;5. 
PROOF. This repeats the proof of Lemma 6.1. 0 
The group M22 acts on the system S(5, 8, 24) in such a way that Z(M22) is in the 
kernal of the action. Let H be the stabilizer of the octad 0 in this action. Then 
H == 24 . ..46, where ..46 is a non-split extension of A6 with the center of order 3. The 
group H induces the group ..46 on the vectors which form the lines from the set 
{u" I a E 1/J}. So V2( 1/J) and V2( 1/J) are modules of the group ..46. 
LEMMA 7.2. V2( 1/J) has a three-dimensional factor module. 
PROOF. Let us consider the following model of the projective plane of order 4. Let: 
L1 be a set of 6 elements; P2 be the set of 2-element subsets of L 1; L2 be the set of 
partitions of L1 into three disjoint pairs; and PI be the set of maximal collections of 
partitions from L2 which pairwise has no common pair. 
Then the incidence system with the point set PI U P2, the lineset L1 U L2 and the 
incidence relation defined by inclusion is a projective plane of order 4. It is well known 
that all projective planes of order 4 are isomorphic; so the constructed system is the 
projective plane over GF(4). This means that in three-dimensional space over GF(4) 
there is a system P2 of one-dimensional subspaces which are marked by pairs from a 
fixed set L1 of 6 elements in such a way that three subspaces corresponding to pairwise 
disjoint pairs generate a two-dimensional subspace. This proves the lemma. 0 
LEMMA 7.3. dim V2(1/J) = 3. 
PROOF. The group..46 has no faithful representations over GF(4) of dimension less 
then 3. In addition, Z(M22) = Z(H) acts without fixed points on V2 and hence on V2(1/J) 
too. Because of Lemma 7.1 and the fact that ..46 is non-split we conclude that the 
module V2(1/J) has dimension 3. D 
For rE g"J- {p, q} we put lJI(r) = {{r, t} I tE g"J- {p, q, r}}. 
LEMMA 7.4. dim V2(IJI(r» = 3. 
PROOF. It is sufficient to show that the two-dimensional subspace generated by the 
vectors u", uP for a, p E lJI(r) consists of the zero vector and the vectors uY for 
y E lJI(r). Let a = {r, t1}, P = {r, t2 }. Then there is an octad 0 passing through the 
points p, q, r, tl1 t2 • This means that the vectors u" and uP are in the three-dimensional 
space V2( 1/J). Now let us turn to the model of the projective plane of order 4 presented 
in the previous subsection. In this case u", uP E P2 and the line from L1 which contains 
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UCX and uP consists of five points of the form {r, s}, s E 0 - {p, q, r} and the claim 
follows. 0 
LEMMA 7.5. dim(V2/V2(IJI(r» = 3. 
PROOF. Put V2 = V2/V2(IJI(r». Then Vi contains a system of 21 one-dimensional 
subspaces u1/J = V2(1Jl), where 1Jl is an octad containing p, q and r. It is easy to see that Vi( lJI(rI» for rl =1= r is a two-dimensional subspace in V2 consisting of the lines of the 
form u1/J only. Since the elementwise stabilizer of the points p, q and r in M24 acts 
doubly transitively on the set of subspaces u1/J' we conclude that the u1/J are all 
one-dimensional subspaces of V2 • 0 
The final result is now the direct consequence of Lemmas 7.4 and 7.5. 
THEOREM 7.6. dim V2 = 6 and V2 == U. 
8. THE GEOMETRY cg( Co2) 
In this section the geometry cg( Co2 ) will be constructed in its representation in a 
certain module. Recall some definitions. 
The Leech lattice [10] is a set A of integer vector A = (AI' ... , A24), the co-ordinate 
positions of which are labelled by the elements of the point set r;; of the system 
S(S, 8, 24) and which satisfy the following axioms: 
(AI) all co-ordinates are congruent to the same number m modulo 2. (m = 0 or 1); 
(AZ) for each IE {m, m + 2} the vector (VI> ••• , V24), where Vi = 1 if Ai == I mod 4 and 
Vi = 0 otherwise, belongs to the Golay code; 
24 
(A3) L Ai == 4m mod 8. 
;=1 
Let ( , ) be the usual inner product and An = {A E A I (A, A) = l6n}. 
Let Ii be the factor group A/2A == 224. The group G == CO2 (.2 in the notation of 
[10)) is the stabilizer of vector A E A2 in the automorphism group of the Leech lattice. 
We shall assume that A = C). 1 , ••. , A24), where Al = A2 = 4 and Ar = 0 for r;;:' 3. 
The group CO2 contains a maximal subgroup H == 210 • Aut(M22) (cf. [17]). We are 
interested in the representation of G on the cosets of the subgroup H. For this purpose 
let us describe the vectors", E ~ such that (A, "') = 64. Let 1f be the set of these 
vectors. Then G acts transitively on 1f and a vector from 1f belongs to one of the 
following five types: 
Type Representative Number 
A~ (8,0,022) 2 
A~ (6,2, (±2)6, 016) 26 .7 . 11 
~ (5,3, ±3, (±1)21) 212. 11 
A: (4,4, (±4)2, 02°) 22 . 3.7 . 11 
A~ (4,4, (±2)8, 014) 28 . 3 . 5.11 
Each vector from 1f is congruent modulo 2A to exactly one other vector from 1f. The 
congruent vectors are orthogonal in the ordinary sense. The image of 1f in Ii forms an 
orbit ic of the group G. The action of G on this orbit is similar to its action on the 
cosets of the subgroup H . Without loss of generality we shall assume that H is the 
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stabilizer in G of element a E fr which is the image of the vector a = (8, 023). In this 
case the orbits of H on fr correspond to the types of vectors in Jr. The length of an 
orbit is half the number of vectors having the corresponding type. 
The subgroup 02(H) == 210 under the action of H splits into four orbits, the lengths of 
which are 1, 77, 330 and 616. 
Let t be an involution in G such that C = CG(t) == 21+4+6. L4(2) (cf. [17]) and C n H 
contains a Sylow 2-subgroup of C. A Sylow 2-subgroup of C has index 2 in a Sylow 
2-subgroup of H. So if t ft 02(H) then t induces a transvection on 02(H). It is well 
known [18] that the group Aut(Md cannot be generated by transvections. Hence 
t E 02(H) and t is contained in the orbit of H on 02(H) having length 330. So 
C n H = 210 • (23 X 2) . L3(2). This implies that [C: C n H) = 15 and the action of C on 
the cosets of C n H is similar to the action of L4(2) on the points of three-dimensional 
projective space over GF(2). The same action is induced by C on its orbit S containing 
a. We claim that S form the set of non-trivial elements of some subgroup E of order 24 
in A. In fact, C n H has two orbits on S which are {a} and S - {a}. It is easy to 
conclude that the latter is contained in the orbit A! of the subgroup H on fro Let A be 
the factor group AI ( a). Then the image A! of the orbit A! in A has length 231, and 
the action of H on this orbit is similar to the action of the group Aut(M22) on the set Q 
of 2-element subsets of the set ~ - {p, q}. It follows from Lemma 3.3 that the image 
of S - {a} in A has 7 elements. This means that a + fJ E S - {a} whenever 
fJ E S - {a}. Since C acts doubly transitively on the set 8 we have that the sum of any 
two different elements from S is contained in S. Hence S U {O} = E is a subgroup of 
A and C induced the group L4(2) on E. 
Now, using the method presented in Section 2, we are able to define a geometry 
C§ = C§(A)'C02 , E). We shall show that the diagram of this geometry is p2. Let us 
consider the residue of the element (a) in this geometry. It follows from the definition 
that each element of type 0 which is contained in E corresponds to an orbit of length 7 
of the subgroup C n H acting on At and this subgroup has index 330 in H. In addition, 
there is a natural bijection between the sets A! and Q. Now, Lemma 3.4 implies that 
the residue in question is isomorphic to the geometry C§(M22). The diagram of 
stabilizers in this case is as follows: 
p 
21+4+6. L4(2) 22+6+6. (2 X L3(2)) 24+8+2 • (S3 X S5) 210 • Aut(M22) 
Thus we have constructed the geometry C§( Co2) in its representation in the 
submodule (fr) of the module A = A/2A The dimension of this submodule is 23. The 
submodule of (fr) generated by X is invariant under the action of the group Co2 • The 
factor module X = (fr) I (X) has dimension 22. It is irreducible under the action of Co2 • 
The orbit fr maps bijectively into X, so C§(C02 ) has a representation in X too. In 
Section 9 the following information about X will be used. 
LEMMA 8.1. (i) The group CO2 has on X# five orbits 8 i , 1 ~ i ~ 5, the lengths of 
which are 46 575, 2300, 476928, 4619200 and 2049300 respectively; 
(ii) The sub degrees of CO2 on 8 1 are 1, 2 . 3 . 7 . 11, 25 • 7 . 11, 27 . 3 . 5 . 11, 211 . 11. 
PROOF. (i) follows from Table 1 in [17], while (ii) follows from the above table. D 
It is easy to see that the image of fr in X is just S 1. 
It is proved in [3] that (fr) is the module of the universal representation of C§( Co2). 
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9. THE GEOMETRIES W(J4 ) AND W(F2) 
Let G be the group J4 or the group F2, z be a central involution in G, C = CG(z) and 
R = 02(C), Put C = C/ (z). 
LEMMA 9.1. (i) G has exactly one class of central involutions; if t is a non-central 
involution in G then the index of CG(t) in G is divisible by 4. 
(ii) R is an extraspecial group. 
(iii) If G =J4 then C/R = 3· Aut(M22) acts on R = 212 as it acts on the module U (see 
Section 4); the images in R of the central involutions, which belong to R and differ from 
z, form the orbit 8 1 (See Lemma 4.2). 
(iv) If G = F2 then C/ R = CO2 acts on R = 222 as it acts on module X (see Section 8). 
PROOF. The properties of J4 can be found in [16], and the properties of F2 in [19]. 
D 
We shall identify R with the corresponding module. 
Let E be the subgroup which occurs in the construction of the geometry C§( C / R) by 
the procedure presented in Section 2. Then E = 2', where r is the rank of the geometry 
C§(C/R). If G =J4 then r = 3 and if G = F2 then r = 4. Let E be the pre-image of E in 
C. Then E = 2'+1 by Lemma 2.2. To construct the geometry W( G) it is necessary to 
find an element g E NG(E) - C. 
Let us choose e E E - (z) and put D = CG«z, e» and N= NG«z, e». The 
element e lies in the orbit 8 1 of the action of C/R on R# (cf. Sections 4 and 8). So 4 
does not divide the index of Din G. 
LEMMA 9.2. N/D =S3' 
PROOF. It is sufficient to find an element g E N - C. Since 4 does not divide the 
index of Din G, e is a central involution. Let hE G and z = eh. Then Zh E C and the 
index of Cdzh) = Dh in C does not divide 4. Hence if Zh It R then Zh induces a 
transvection on R. The group C/R which is isomorphic either to 3· Aut(M22) or to CO2 
cannot be generated by transvections [18], so Zh E R. If G =J4 then Zh E 8 1 by Lemma 
9.1(iii). If G = F2 then the same conclusion follows from the fact that the length of the 
orbit 8 i is divisible by 4 if i > 1 (Lemma 8.1). Hence in both cases there is an element 
kECsuch that zhk=e. Soehk=zand (e,z)hk=(e,z). D 
Put 8 = (E - (z, e) )D. 
LEMMA 9.3. 8 is the only orbit of D on the set of its involutions possessing the 
following properties: 
(i) 8 consists of central involutions; 
(ii) if E = 8/ (z, e) then lEI = 15 for G =J4 and lEI = 231 for G = F2 • 
PROOF. Firstly, let us check that 8 possesses the property (ii) (the property (i) is 
valid by definition). If x E E - (z, e) then the image Exof the subgroup ex = (x, z, e) 
in R is an element of type r - 2 in the geometry C§(C/R) which is incident to the 
element (e) of type r - 1. This implies that the set of subgroups Ex, x E 8 is the set of 
elements of type r - 2 of the geometry C§( C / R) which are incident to (e). So the 
cardinality of 8 is just as in (ii). On the other hand, there is an obvious bijection 
between the set of subgroups Ex, x E 8 and the orbit E. 
Now let 1/J be an arbitrary orbit satisfying the properties (i) and (ii) and x E 1/J. Then 
4 does not divide the index of Cv(x) in D by (ii). Hence 8 does not divide the index of 
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Cc(i) in t and i commutes with a subspace of codimension 2 in R. Using the 
information about the lengths of orbits of C / R on R it is easy to show that X E R. But 
this means that R . Ci>(i) ~ Cc(i) and so 4 does not divide the index of Cc(i) in t. 
Now it follows from Lemmas 9.1(iii), 4.2 and 8.1 that i is contained in El and hence in 
the orbit E and the lemma is proved. 0 
LEMMA 9.4. There is an element g E NG(E) - C. 
PROOF. By Lemma 9.2 there is an element hEN such that Zh = e and eh = z. By 
Lemma 9.3 the group N acts on the set E, and it is easy to see that the subgroup D in 
this action is a self-normalizing subgroup of the symmetric group of the set E. SO we 
can assume that h acts trivially on E. In this case h normalizes the subgroup 
E~ (z, e) U E. 
Thus we have proved the existence of an element in NG(E) - C and the geometry 
f9( G) is constructed. 0 
The main result of this section is the following: 
THEOREM 9.5. The groups J4 and Fi are flag-transitive automorphism groups of 
geometries having diagrams p2 and p3 respectively. 
The diagrams of stabilizers for the constructed geometries are presented below: 
p 
Here [n] stands for some group of order n. 
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